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Abstract. In this paper, only Bell states are employed and needed to be identified to realize the multiparty
secret sharing of quantum information, where the secret is an arbitrary unknown quantum state in a
qubit. In our multiparty quantum information secret sharing (QISS) scheme, no subset of all the quantum
information receivers is sufficient to reconstruct the unknown state in a qubit but the entire is. The present
multiparty QISS scheme is more feasible with present-day technique.

PACS. 03.67.Pp Quantum error correction and other methods for protection against decoherence —
03.65.Db Functional analytical methods — 42.65.Lm Parametric down conversion and production of en-

tangled photons

The quantum secret sharing (QSS) is likely to play a
key role in protecting secret quantum information, e.g.,
in secure operations of distributed quantum computation,
sharing difficult-to-construct ancilla states and joint shar-
ing of quantum money, and so on. Hence, after the pio-
neering QSS work proposed by using three-particle and
four-particle GHZ states [1], this kind of works on QSS
attracted a great deal of attentions in both theoretical
and experimental aspects [2-14]. In all these works, the
secret which is sent by a sender and shared by multi-
receivers can be classified into two types, i.e., the clas-
sical messages (bits) or the quantum information (where
the secret is an arbitrary unknown quantum state in the
sender’s qubit). The essence of a multiparty secret shar-
ing of a quantum information is that no subset of all the
quantum information receivers can reconstruct the un-
known state in a qubit but the entire collaborates, i.e.,
only with all other receivers’ helps, one receiver can re-
construct the unknown state in a qubit. To achieve multi-
party secret sharing of a quantum information, in those ex-
isting works [1,2,5,10,14], multi-particle GHZ states are
widely used and the identification of the multi-particle
GHZ states is necessary. Only very recently, Li, Zhang
and Peng [13] have proposed a multiparty quantum infor-
mation secret sharing (QISS) scheme by employing only
Bell states. However, in their scheme, the identification of
a multi-particle GHZ state is also necessary. It is generally
admitted that, to the present-day technique, an identifi-
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cation of a Bell state [15] is much easier that an identifi-
cation of a multi-particle GHZ state. Hence, in this paper,
we will propose a multi-party QISS scheme by using and
identifying only Bell state.

Before giving our multiparty QISS scheme, let us
briefly review quantum entanglement swapping, for it
will be used and will play a very important role in
our scheme. It is well-known that quantum entangle-
ment swapping [16-19] can entangle two quantum sys-
tems which do not interact with each other. Let |0)
and |1) be the different degrees of a qubit, respectively.
Then the four Bell states, ¢* = (]00) + |11))/v/2 and

Y* = (]01) £ ]10))/v/2, are maximally entangled states
in the two-qubit Hilbert space. If the initial states are
two qubit pairs each in a Bell state, then after the quan-
tum entanglement swapping the possible output states are
another two qubit pairs in Bell states. The possibility is
1/4. The corresponding relations between the initial Bell
states and the possible output Bell states after the quan-
tum entanglement swapping are summarized in Table 1.
Note that, one very important feature which will be used
later is that, provided that one initial Bell state and the
two Bell state outcomes after the quantum entanglement
swapping are known, one can immediately know the other
initial Bell state.

Let us turn to our multiparty QISS scheme. Suppose
that there are n parties. Alice is the sender of a quan-
tum information, where the secret is an arbitrary unknown
state |F) = «|0),, + B|1),. Bob, Charlie, Dick, ..., Zech are
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Table 1. The corresponding relations between the two initial Bell states (TIBSs) and the two possible output Bell states

(TPOBSs) after the quantum entanglement swapping.

TIBSs TPOBSs TPOBSs TPOBSs TPOBSs
{612, 042} ({6125 031}, Wi, ¥ia} (W2 ¥aa}) {613, 032} {1 P20} {95 ¥3}  {¥5s vau)
{¢1_27 ¢;4} ({ 127 ¢34} {w127 17/)34} {17/)127 w34}) {¢137 (z)2_4} {¢1_37 ¢;4} {17/)1';}7 w2_4} {17/)1_37 w;:l}
{0z, dda} ({Viz, baad, {0, via}s {12, ¥ad) (b, 3} {dw Yaud ¥, dau}  {¥s, 0o}
(V12 d34) ({1, dau} {br1s Yiu}s {8125 ¥34}) {015 You}  {om ¥ou}  {¥ds b2} {¥1s, 924}
the first, second, third, ..., (n — 1)th quantum informa- (U; |F>b1)Hub2Ma1zQCc1cQDd1d2 N2, , where M2 s

tion receivers, respectively. Alice wants to let Bob, Charlie,
Dick, ..., Zech to securely share her quantum information,
in other words, any subset of the (n — 1) receivers can not
reconstruct the unknown quantum state in a qubit but the
entire collaborates. By the way, since the entanglement is
employed in our schemes, whether the transmission of a
photon of an entangled pair in a quantum channel is at-
tacked can be easily detected by the generally used two-
measuring-basis method [20], that is, the security of the
photon transmission can be assured. Our n-party scheme
contains the following steps.

(1) Each party prepares a photon pair in a Bell
state. Besides the entangled photon pair Alice has one
more photon (named u hereafter) in the unknown state
|F) = a|0)y + B|1). Now the state of the whole system
i8 Bby by |4) AayasCeres Ddydy -+ 22, 20, Where each of the calli-
graphic alphabets stands for an arbitrary Bell state (same
hereafter), z; (x = b,a,¢,d,...,z;i = 1,2) is the label of
the photon in Bob’s (Alice’s, Charlie’s, Dick’s, ..., Zech’s)
photon pair.

(2) Bob sends to Alice the photon by, Alice sends to
Charlie the photon ag, Charlie sends to Dick the pho-
ton ¢z, and so on. The (n — 1)th receiver Zech sends to
Alice but not to Bob the photon zs.

(3) Alice performs a Bell-state measurement on the
photons by and u in her lab. This is an identification
of a Bell state in the present scheme instead of the
identification of the multi-particle GHZ state in other
schemes [1,2,5,10,13,14]. Now the state of the whole sys-
tem is one of the following states with possibility 1/4,
(U |F>b1 )Hub2A01a2001()2Dd1d2"'221227 (] = 1,4), where
the unitary operator U;(j = 1,4) are determined by
the initial Bell state By, according to the elaborated
quantum teleportation theory first presented by Bennett
et al. [25].

(4) According to her Bell-state measurement outcome
Hub2 (j = 1,4), Alice performs the corresponding unitary
operation U; on either the photon a; or the photon zs,
say, on the photon a1, then the state of the whole sys-
tem now becomes (U;|F)p, )HubQA;WQCclcQDdl@...ZleQ,
where Aa1a2 = UjAq,q,. After her unitary operation,
she performs a Bell-state measurement on the two pho-
tons a1 and zo, then the state of the whole system becomes

Alice’s Bell-state measurement outcome and N7, de-
notes that the photon as in Charlie’s lab is entangled with
the photon z; in Zech’s lab after Alice’s measurement.
Alice announces her measurement outcome M? 12 and the
state Ag, 4, of her initially prepared photon pair.

(5) After knowing Alice’s public announcements,
Charlie, Dick, ..., Zech perform in turn Bell-state measure-
ments on the photon pairs in their respective lab, then the

state of the whole system evolves as follows,

/\fCZ

asz1

(U |F>b1 )HubQMgl.ZQ 6162Dd1d2

(U |F>b1 )Hub2 a1z2 Q32c1Dd1d2 Rf:ljzl -

(U |F>b1)Hub2 a1z2 Q22<,1Sc2d1 ,Td2z1 e
(U |F>b1 )HﬂbQMglz2 a261802d1 W§221

(6) If all quantum information receivers except for Bob
collaborate, they can deduce in a recursive way what the
unitary operator U; is. Further, if they collaborate with
Bob, they can designate Bob to perform the specific uni-
tary operation U; on his qubit b;. In this case, the un-
known state | F') now is successfully reconstructed in Bob’s
photon b;. All these mean that only all the quantum infor-
mation receivers’ collaborate can the unknown state |F')
be reconstructed in Bob’s photon b;. Otherwise, the re-
construction fails.

So far we have presented a mn-party (n > 3)
QISS scheme. To more easily understand the present mul-
tiparty QISS scheme, let us show a specific example of a
5-party QISS scheme.

(F1) Without loss of the generality, one can sup-
pose that the Bell state in the photon pair prepared by
Bob (Alice, Charlie, Dick, Ellen) is qbb by (O o

aias? c1c2)
wdldg’ Yz.e,). Alice is the quantum information sender
and has one more photon u in an unknown state |F) =
a|0)y, + B]1),,. Other persons are the quantum information
receivers.

(F2) Bob (Alice, Charlie, Dick, Ellen) sends Alice
(Charlie, Dick, Ellen, Alice) the photon by (a2,c2,d2,e2).
Note that Ellen sends the photon es; to Alice but not to
Bob.

(F3) Alice performs a Bell-state measurement on the
photons by and u in her lab. Since the following equation
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holds,

|F>u¢;_1b2 (a|0>u + 6|1>“)¢2_1b2

— (]0)u + ﬁ|1>u>\if<|o>bl|o>b2 Do D

= ubz(a|0>bl +0[1)e,) + wubz(allﬂl + 510)s,)

+ —éf);bz (af0)s, — 5|1>b1) + 51/1;1,2((041%1 = B10)s,)
1
= 2 ub2 (U1|F>b1) + wubQ(UQ|F>b1)
+ ¢ub2 (U3|F>b1) + wubg(U4|F>b1)v (1)

where Uy = [0)(0] + [1)(1], Uz = [0){1] + [1){0], Us =
[0)(0]—|1)(1] and Uy = |0)(1]—|1)(0]|, Alice’s measurement
outcome should be a Bell state, say, 1/)&2.

(F4) According to her measurement outcome in
(F3), Alice performs the unitary operation U on
the photon al, then the state of the system now

becomes ub2 (U2|F>b1)(U2¢a1a2)¢c_152¢:{1d2 8_182 =
ub2 (U2|F>b1)1/)ala2¢0102wd1d2 o e, After Alice’s unitary
operation, Alice performs another Bell-state measurement
on the photons a; and es in her lab and then publicly
announces the Bell state a a, Of her initially prepared
photon pair and her second measurement outcome, say,
ares’ Then the state of the whole system now becomes
ub2 (U2|F>b1 wa162¢51c2wd1d2wa261 accordmg to the
Table 1 about the quantum entanglement swapping.

(F5) After knowing Alice’s public announcements,
Charlie performs a Bell-state measurement on the
two photons as and ¢ in his lab. Since the outcome should
be one of the four Bell states, without loss of the gener-
ality, we suppose it is ¢__. . Then the state of the whole

ascy
system evolves to wub (Uz|FYp,) wa162¢a261¢d1d2w6261 Af-
ter Charlie’s measurement Dick and Ellen perform the
Bell-state measurements on the photons in their labs, re-
spectively. Since the initial states are wd 4, and wmel,
according to Table 1, their measurement outcomes af-
ter the quantum entanglement swapping should be one
of the four Bell state groups, i.e., {qﬁi;dl, qui'zel} or
{berdrs Parer} O Va0 Vidner} 08 {¥eya,s Vage, }- Also
without loss of the generality, we suppose they are the
first group, then the state of the whole system becomes
ubQ(U2|F>b1 wa162¢a2c1 52d1¢d261

(F6) If Charlie, Dick and Ellen collaborate, they can
work out the unitary operation U, Alice has performed
on the photon as in a recursive way. This is completely a
reverse process of (F5) and (F4). Therefore, if they collab-
orate with Bob further, they can designate Bob to perform
the unitary operation Us on his qubit b;. In this case, the
unknown state |F") has been successfully reconstructed in
the photon b;. This is realized by all the quantum infor-
mation receivers’ collaboration. If any one does not col-
laborate, the reconstruction fails.

Now let us do some discussions. First, since the present
multiparty QISS scheme is based on EPR pairs, so the
proof of the security is the same in essence as those in
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references [20—-24]. It is also unconditionally secure. Sec-
ondly, our multiparty SSQI scheme (n > 3) is almost the
same as the secure teleportation of an arbitrary quantum
state in a qubit, except one point. In the secure quan-
tum teleportation, Alice’s announcement of the Bell-state
measurement outcome is a necessary step. In the present
scheme, instead of her public announcement, Alice dis-
tributes her Bell-state measurement outcome to all the
quantum information receivers except for Bob. Hence,
all the parties except for Bob has essentially formed a
group of a quantum secret sharing of classical messages,
that is, all the receivers except Bob share securely Alice’s
measurement outcome if they collaborate. In fact, be-
fore Alice distributes his secret messages to All the re-
ceivers except for Bob, this group can and should detect
whether the quantum channel is attacked by Eve by us-
ing the so-called two-measuring-basis method as well as
the message authentification method used generally. As
for a serious case that there is an insider who may be on
one or more receivers and will collaborate with Bob to
get Alice’s secret messages and thereby they can break
away from other receivers’s control, their attacks can also
be detected by Alice and other receivers in terms of the
two-measuring-basis method just and Alice’s final mes-
sage authentification. Further, if they collaborate with
Bob, then all n — 1 receivers can reconstruct the un-
known state in Bob’s qubit by designating Bob to per-
form an appropriate unitary operation. The third, in the
present paper, only Bell states are used and needed to
be identified. It is generally admitted that the prepara-
tion and identification of Bell states are much easier than
those of multi-particle GHZ states, which are necessary in
other schemes [1,2,5,10,13,14]. Hence, the present multi-
party SSQI scheme is more feasible with present-day tech-
nique [16]. By the way, we also note that, a feasible real-
ization of complete Bell-state analyzer with present-day
technique is still far to come.

To summarize, in this paper by using and identi-
fying only Bell states we have proposed a multiparty
SSQI scheme. It is unconditionally secure and more feasi-
ble with present-day technique.
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